Phase transitions on C*-algebras arising from number fields and the
  generalized Furstenberg conjecture by Laca, Marcelo & Warren, Jacqueline M.
ar
X
iv
:1
80
1.
07
80
2v
1 
 [m
ath
.O
A]
  2
3 J
an
 20
18
PHASE TRANSITIONS ON C*-ALGEBRAS ARISING FROM NUMBER FIELDS
AND THE GENERALIZED FURSTENBERG CONJECTURE
MARCELO LACA AND JACQUELINEM. WARREN
ABSTRACT. In recent work, Cuntz, Deninger and Laca have studied the Toeplitz type C*-
algebra associated to the affine monoid of algebraic integers in a number field, under a time
evolution determined by the absolute norm. The KMS equilibrium states of their system are
parametrized by traces on the C*-algebras of the semidirect products Jγ¸O
˚
K resulting from
the multiplicative action of the units O˚K on integral ideals Jγ representing each ideal class
γ P CℓK. At each fixed inverse temperature β ą 2, the extremal equilibrium states corre-
spond to extremal traces of C˚(Jγ¸O
˚
K ). Here we undertake the study of these traces using
the transposed action of O˚K on the duals J^γ of the ideals and the recent characterization of
traces on transformation group C*-algebras due to Neshveyev. We show that the extremal
traces of C˚(Jγ ¸O
˚
K ) are parametrized by pairs consisting of an ergodic invariant measure
for the action of O˚K on J^γ together with a character of the isotropy subgroup associated to
the support of this measure. For every class γ, the dual group J^γ is a d-torus on which O
˚
K
acts by linear toral automorphisms. Hence, the problem of classifying all extremal traces
is a generalized version of Furstenberg’s celebrated ˆ2 ˆ3 conjecture. We classify the re-
sults for various number fields in terms of ideal class group, degree, and unit rank, and we
point along the way the trivial, the intractable, and the conjecturally classifiable cases. At
the topological level, it is possible to characterize the number fields for which infinite O˚K -
invariant sets are dense in J^γ, thanks to a theorem of Berend; as an application we give a
description of the primitive ideal space of C˚(Jγ ¸O
˚
K ) for those number fields.
1. INTRODUCTION
Let K be an algebraic number field and let OK denote its ring of integers. The associated
multiplicative monoidOˆK := OK \ {0} of nonzero integers acts by injective endomorphisms
on the additive group of OK and gives rise to the semi-direct product OK ¸ O
ˆ
K , the affine
monoid (or ‘b+ axmonoid’) of algebraic integers in K.
Let {ξ(x,w) : (x,w) P OK ¸ O
ˆ
K } be the standard orthonormal basis of the Hilbert space
ℓ2(OK ¸ O
ˆ
K ). The left regular representation L of OK ¸ O
ˆ
K by isometries on ℓ
2(OK ¸ O
ˆ
K )
is determined by L(b,a)ξ(x,w) = ξ(b+ax,aw). In [2], Cuntz, Deninger and Laca studied the
Toeplitz-like C*-algebra T[OK] := C
˚(L(b,a) : (b, a) P OK ¸ O
ˆ
K ) generated by this repre-
sentation and analyzed the equilibrium states of the natural time evolution σ on T[OK]
determined by the absolute norm Na := |O
ˆ
K {(a)| via
σt(L(b,a)) = N
it
a L(b,a) a P O
ˆ
K , t P R.
One of the main results of [2] is a characterization of the simplex of KMS equilibrium
states of this dynamical system at each inverse temperature β P (0,∞]. Here we will be
interested in the low-temperature range of that classification. To describe the result briefly,
let O˚K be the group of units, that is, the elements of O
ˆ
K whose inverses are also integers,
and recall that by a celebrated theorem of Dirichlet, O˚K – WK ˆ Z
r+s−1, where WK (the
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group of roots of unity in O˚K ) is finite, r is the number of real embeddings of K, and s is
equal to half the number of complex embeddings of K. Let CℓK be the ideal class group
of K, which, by definition, is the quotient of the group of all fractional ideals in K modulo
the principal ones, and is a finite abelian group. For each ideal class γ P CℓK let Jγ P γ be
an integral ideal representing γ. By [2, Theorem 7.3], for each β ą 2 the KMSβ states of
C˚(OK ¸O
ˆ
K ) are parametrized by the tracial states of the direct sum of group C*-algebrasÀ
γPCℓK
C˚(Jγ ¸ O
˚
K ), where the units act by multiplication on each ideal viewed as an
additive group. It is intriguing that exactly the same direct sum of group C*-algebras also
plays a role in the computation of the K-groups of the semigroup C*-algebras of algebraic
integers in the work of Cuntz, Echterhoff and Li, see e.g. [3, Theorem 8.2.1]. Considering as
well that the group of units and the ideals representing different ideal classes are ameasure
of the failure of unique factorization into primes inOK, we feel it is of interest to investigate
the tracial states of the C*-algebras C˚(Jγ ¸ O
˚
K ) that arise as a natural parametrization of
KMS equilibrium states of C˚(OK ¸O
ˆ
K ).
This work is organized as follows. In Section 2 we review the phase transition from
[2] and apply a theorem of Neshveyev’s to show in Theorem 2.2 that the extremal KMS
states arise from ergodic invariant probability measures and characters of their isotropy
subgroups for the actions O˚K ý^Jγ of units on the duals of integral ideals.
We begin Section 3 by showing that for imaginary quadratic fields, the orbit space of
the action of units is a compact Hausdorff space that parametrizes the ergodic invariant
probability measures. All other number fields have infinite groups of units leading to
‘bad quotients’ for which noncommutative geometry provides convenient tools of anal-
ysis. Units act by toral automorphisms and so the classification of equilibrium states is
intrinsically related to the higher-dimensional, higher-rank version of the question, first
asked by H. Furstenberg, of whether Lebesgue measure is the only nonatomic ergodic
invariant measure for the pair of transformations ˆ2 and ˆ3 on R{Z. Once in this frame-
work, it is evident from work of Sigmund [22] and of Marcus [15] on partially hyperbolic
toral automorphisms and from the properties of the Poulsen simplex [13], that for fields
whose unit rank is 1, which include real quadratic fields, there is an abundance of ergodic
measures, Proposition 3.5, and hence of extremal equilibrium states, see also [11]. We also
show in this section that there is solidarity among integral ideals with respect to the ergod-
icity properties of the actions of units, Proposition 3.6.
In Section 4, we look at the topological version of the problem and we identify the num-
ber fields for which [1, Theorem 2.1] can be used to give a complete description of the
invariant closed sets. In Theorem 4.11 we summarize the consequences, for extremal equi-
librium at low temperature, of the current knowledge on the generalized Furstenberg con-
jecture. For fields of unit rank at least 2 that are not complex multiplication fields, i.e. that
have no proper subfields of the same unit rank, we show that if there is an extremal KMS
state that does not arise from a finite orbit or from Lebesgue measure, then it must arise
from a zero-entropy, nonatomic ergodic invariant measure; it is not knownwhether such a
measure exists. For complex multiplication fields of unit rank at least 2, on the other hand,
it is known that there are other measures, arising from invariant subtori. As a byproduct,
we also provide in Proposition 4.9 a proof of an interesting fact stated in [25], namely the
units acting on algebraic integers are generic among toral automorphism groups that have
Berend’s ID property.
We conclude our analysis in Section 5 by computing the topology of the quasi-orbit
space of the action O˚K ý
pOK for number fields satisfying Berend’s conditions. As an
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application we also obtain an explicit description of the primitive ideal space of the C*-
algebra C(OK ¸ O
˚
K ), Theorem 5.2. For the most part, sections 3 and 4 do not depend on
operator algebra considerations other than for the motivation and the application, which
are discussed in sections 2 and 5.
Acknowledgments: This research started as an Undergraduate Student Research Award
project and the authors acknowledge the support from the Natural Sciences and Engineer-
ing Research Council of Canada. We would like to thank Martha Ła˛cka for pointing us to
[13], and we also especially thank Anthony Quas for bringing Z. Wang’s work [25] to our
attention, and for many helpful comments, especially those leading to Lemmas 3.7 and 3.8.
2. FROM KMS STATES TO INVARIANT MEASURES AND ISOTROPY
Our approach to describing the tracial states of the C*-algebras
À
γPCℓK
C˚(Jγ ¸ O
˚
K ) is
shaped by the following three observations. First, the tracial states of a group C*-algebra
form a Choquet simplex [23], so it suffices to focus our attention on the extremal traces.
Second, there is a canonical isomorphismC˚(J¸O˚K ) – C
˚(J)¸O˚K , which wemay combine
with the Gelfand transform for C˚(J), thus obtaining an isomorphism of C˚(J¸O˚K ) to the
transformation group C*-algebra C(J^) ¸ O˚K , associated to the transposed action of O
˚
K on
the continuous complex-valued functions on the compact dual group J^. Specifically, the
action of O˚K on J^ is determined by
(2.1) (u ¨ χ)(j) := χ(uj), u P O˚K , χ P J^, j P J,
or by xj, u ¨ χy = xuj, χy, if we use x , y to denote the duality pairing of J and J^. Third, this
puts the problem of describing the tracial states squarely in the context of Neshveyev’s
characterization of traces on crossed products, so our task is to identify and describe the
relevant ingredients of this characterization. In brief terms, when [16, Corollary 2.4] is
interpreted in the present situation, it says that that for each integral ideal J, the extremal
traces on C(J^)¸O˚K are parametrized by triples (H,χ, µ) in which H is a subgroup of O
˚
K , χ
is a character ofH, and µ is an ergodicO˚K -invariant measure on J^ such that the set of points
in J^whose isotropy subgroups for the action of O˚K are equal to H has full µmeasure.
Recall that, by definition, an O˚K -invariant probability measure µ on
pJ is ergodic invariant
for the action of O˚K if µ(A) P {0, 1} for every O
˚
K -invariant Borel set A Ă J^. Our first
simplification is that the action ofO˚K on J^ automatically has µ-almost everywhere constant
isotropy with respect to each ergodic invariant probability measure µ.
Lemma 2.1. Let K be an algebraic number field with ring of integersOK and group of unitsO˚K and
let J be a nonzero ideal inOK. Suppose µ is an ergodic O˚K -invariant probability measure on J^. Then
there exists a unique subgroupHµ ofO˚K such that the isotropy group (O
˚
K )χ := {u P O
˚
K : u¨χ = χ}
is equal to Hµ for µ-a.a. characters χ P J^.
Proof. For each subgroupH ď O˚K , letMH := {χ P J^ | (O
˚
K )χ = H} be the set of characters of J
with isotropy equal toH. Since the isotropy is constant on orbits, eachMH isO
˚
K -invariant,
and clearly theMH are mutually disjoint. By Dirichlet’s unit theorem O
˚
K – WK ˆ Z
r+s−1
withWK finite, and r and 2s the number of real and complex embeddings ofK, respectively.
Thus every subgroup ofO˚K is generated by at most |WK|+(r+s−1) generators, and hence
O˚K has only countably many subgroups. Thus {MH : H ď O
˚
K } is a countable partition of J^
into subsets of constant isotropy.
We claim that eachMH is a Borel measurable set in J^. To see this, observe:
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MH ={χ P J^ : u ¨ χ = χ for all u P H and u ¨ χ ‰ χ for all u P O
˚
K \H}
=
( č
uPH
{χ P J^ | χ−1(u ¨ χ) = 1}
)č( č
uPO˚
K
\H
{χ P J^ | χ−1(u ¨ χ) ‰ 1}
)
because u ¨ χ = χ iff χ−1(u ¨ χ) = 1. Since the map χ Þ→ χ−1(u ¨ χ) is continuous on J^, the
sets in the first intersection are closed and those in the second one are open. By above, the
intersection is countable, soMH is Borel-measurable, as desired.
For every Borel measure µ on J^, we haveÿ
HďO˚
K
µ(MH) = µ
( ď
HďO˚
K
MH
)
= 1,
so at least one MH has positive measure. If µ is ergodic O
˚
K -invariant, then there exists a
unique Hµ ď O
˚
K such that µ(MHµ) = 1 and thus Hµ is the (constant) isotropy group of
µ-a.a points χ P J^. 
Since each ergodic invariant measure determines an isotropy subgroup, the characteri-
zation of extremal traces from [16, Corollary 2.4] simplifies as follows.
Theorem 2.2. Let K be an algebraic number field with ring of integers OK and group of units O˚K
and let J be a nonzero ideal in OK. Denote the standard generating unitaries of C˚(J ¸ O˚K ) by δj
for j P J and νu for u P O˚K . Then for each extremal trace τ on C
˚(J ¸ O˚K ) there exists a unique
probability measure µτ on J^ such that
(2.2)
∫
J^
xj, xydµτ(x) = τ(δj) for j P J.
The probability measure µτ is ergodic O˚K -invariant, and if we denote byHµτ its associated isotropy
subgroup from Lemma 2.1, then the function χτ defined by χτ(h) := τ(νh) for h P Hµτ is a
character on Hµτ .
Furthermore, the map τ Þ→ (µτ, χτ) is a bijection of the set of extremal traces of C˚(J ¸ O˚K )
onto the set of pairs (µ, χ) consisting of an ergodic O˚K -invariant probability measure µ on J^ and a
character χ P pHµ. The inverse map (µ, χ) Þ→ τ(µ,χ) is determined by
(2.3) τ(µ,χ)(δjνu) =


χ(u)
∫
J^
xj, xydµ(x) if u P Hµ
0 otherwise,
for j P J and u P O˚K .
Proof. Recall that equation (2.1) gives the continuous action of O˚K by automorphisms of
the compact abelian group J^ obtained on transposing the multiplicative action of O˚K on
J. There is a corresponding action α of O˚K by automorphisms of the C*-algebra C(J^) of
continuous functions on J^; it is given by αu(f)(χ) = f(u
−1 ¨ χ).
The characterization of traces [16, Corollary 2.4] then applies to the crossed product
C(J^)¸αO
˚
K as follows. For a given extremal tracial state τ of C
˚(J¸O˚K ) there is a probabil-
ity measure µτ on J^ that arises, via the Riesz representation theorem, from the restriction
of τ to C˚(J) – C(J^) and is characterized by its Fourier coefficients in equation (2.2). By
Lemma 2.1, there is a subset of J^ of full µτ measure on which the isotropy subgroup is
PHASE TRANSITIONS OF C*-ALGEBRAS AND FURSTENBERG CONJECTURE 5
automatically constant, and is denoted byHµτ . The unitary elements νu generate a copy of
C˚(O˚K ) inside C(J^)¸α O
˚
K and the restriction of τ to these generators determines a charac-
ter χτ of Hµτ given by χτ(u) := τ(νu). See the proof of [16, Corollary 2.4] for more details.
By Lemma 2.1, the condition of almost constant isotropy is automatically satisfied for ev-
ery ergodic invariant measure on J^, hence every ergodic invariant measure arises as µτ for
some extremal trace τ. The parameter space for extremal tracial states is thus the set of all
pairs (µ, χ) consisting of an ergodic O˚K -invariant probability measure µ on J^ and a char-
acter χ of the isotropy subgroup Hµ of µ. Formula (2.3) is a particular case of the formula
in [16, Corollary 2.4] with f equal to the character function f(¨) = xj, ¨y on J^ associated to
j P J. Since for a fixed u P O˚K the right hand side of (2.3) is a continuous linear functional
of the integrand and the character functions span a dense subalgebra, this particular case
is enough to imply
(2.4) τ(µ,χ)(fνu) =


χ(u)
∫
J^
f(x)dµ(x) if u P Hµ
0 otherwise,
for every f P C(J^). 
3. THE ACTION OF UNITS ON INTEGRAL IDEALS
Combining [2, Theorem 7.3] with Theorem 2.2 above, we see that for β ą 2, the extremal
KMSβ equilibrium states of the system (T[OK], σ) are indexed by pairs (µ, κ) consisting
of an ergodic invariant probability measure µ and a character κ of its isotropy subgroup
relative to the action of the unit group O˚K on a representative of each ideal class.
If the field K is imaginary quadratic, that is, if r = 0 and s = 1, then the group of units
is finite, consisting exclusively of roots of unity. In this case, things are easy enough to
describe because the space of O˚K -orbits in J^ is a compact Hausdorff topological space.
Proposition 3.1. Suppose K is an imaginary quadratic number field, let J Ă OK be an integral
ideal and writeWK for the group of units. Then the orbit spaceWK\J^ is a compact Hausdorff space
and the closed invariant sets in J^ are indexed by the closed sets in WK\J^. Moreover, the ergodic
invariant probability measures on J^ are the equiprobability measures on the orbits and correspond
to unit point masses onWK\J^.
Proof. SinceWK is finite, distinct orbits are separated by disjoint invariant open sets, so the
quotient space WK\J^ is a compact Hausdorff space. Since J^ is compact, the quotient map
q : J^ → WK\J^ given by q(χ) := WK ¨ χ is a closed map by the closed map lemma, and so
invariant closed sets in J^ correspond to closed sets in the quotient.
For each probability measure µ on J^, there is a probability measure µ˜ on WK\J^ defined
by
µ˜(E) := µ(q−1(E)) for each measurable E ĎWK\J^.
This maps the set ofWK-invariant probability measures on J^ onto the set of all probability
measures onWK\J^. Ergodic invariant measures correspond to unit point masses onWK\J^,
and theirWK-invariant lifts are equiprobability measures on single orbits in J^. 
As a result we obtain the following characterization of extremal KMS equilibrium states.
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Corollary 3.2. Suppose K is an imaginary quadratic algebraic number field and let Jγ be an integral
ideal representing the ideal class γ P CℓK. For β ą 2, the extremal KMSβ states of the system
(T[OK], σ
N) are parametrized by the triples (γ,W ¨ χ, κ), where γ P CℓK, χ is a point in J^γ, with
orbitW ¨ χ and κ is a character of the isotropy subgroup of χ.
Beforewe discuss invariant measures and isotropy for fields with infinite group of units,
we need to revisit a few general facts about the multiplicative action of units on the alge-
braic integers and, more generally, on the integral ideals. The concise discussion in [25] is
particularly convenient for our purposes. As is customary, we let d = [K : Q] be the degree
of K overQ. The number r of real embeddings and the number 2s of complex embeddings
satisfy r + 2s = d. We also let n = r + s − 1 be the unit rank of K, namely, the free abelian
rank of O˚K according to Dirichlet’s unit theorem. We shall denote the real embeddings of
K by σj : K → R for j = 1, 2, ¨ ¨ ¨ r and the conjugate pairs of complex embeddings of K by
σr+j, σr+s+j : K→ C for j = 1, ¨ ¨ ¨ , s. Thus, there is an isomorphism
σ : KbQ R→ Rr ˆ Cs
such that
σ(kb x) = (σ1(k)x, σ2(k)x, ¨ ¨ ¨ , σr(k)x; σr+1(k)x, ¨ ¨ ¨ , σr+s(k)x).
The ring of integersOK is a free Z-module of rank d, and thusOKbZR – R
d – Rr‘Cs. We
temporarily fix an integral basis for OK, which fixes an isomorphism θ : OK → Zd. Then,
at the level of Zd, the action of each u P O˚K is implemented as left multiplication by a
matrix Au P GLd(Z). Moreover, once this basis has been fixed, the usual duality pairing
xZd,Rd{Zdy given by xn, ty = exp 2πi(n ¨ t), with n P Zd, t P Rd and n ¨ t =
řd
j=1 njtj, gives
an isomorphism ofRd{Zd to pOK, in which the character χt P pOK corresponding to t P Rd{Zd
is given by χt(x) = exp 2πi(θ(x) ¨ t) for x P OK. Thus, the action of a unit u P O
˚
K is
(u ¨ χt)(x) = χt(u ¨ x) = exp 2πi(Auθ(x) ¨ t) = exp 2πi(θ(x) ¨A
T
ut).
This implies that the action O˚K ý
pOK is implemented, at the level of Rd{Zd, by the repre-
sentation ρ : O˚K → GLd(Z) defined by ρ(u) = ATu, cf. [24, Theorem 0.15].
Similar considerations apply to the action of O˚K on J^ for each integral ideal J Ă OK,
giving a representation ρJ : O
˚
K → GLd(Z). For ease of reference we state the following fact
about this matrix realization ρJ of the action of O
˚
K on J^.
Proposition 3.3. The collection of matrices {ρ(u) : u P O˚K } is simultaneously diagonalizable
(over C) , and for each u P O˚K the eigenvalue list of ρ(u) is the list of its archimedean embeddings
σk(u) : k = 1, 2, ¨ ¨ ¨ r+ 2s.
See e.g. the discussion in [14, Section 2.1], and [25, Section 2.1] for the details. Multi-
plication of complex numbers in each complex embedding is regarded as the action of 2x2
matrices on R + iR – R2, and the 2x2 blocks corresponding to complex roots simultane-
ously diagonalize over Cd. The self duality of Rr‘Cs can be chosen to be compatible with
the isomorphism mentioned right after (2.1) in [14] and with multiplication by units. See
also [21, Ch7].
When the number field K is not imaginary quadratic, then O˚K is infinite and so the
analysis of orbits and invariant measures is much more subtle; for instance, most orbits
are infinite, some are dense, and the orbit space does not have a Hausdorff topology. We
summarize for convenience of reference the known basic general properties in the next
proposition.
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Proposition 3.4. Let K be a number field with rank(O˚K ) ě 1, and let J be an ideal in OK. Then
normalized Haar measure on J^ is ergodic O˚K -invariant, and for each χ P J^,
(1) the orbit O˚K ¨ χ is finite if and only if χ corresponds to a point with rational coordinates in
the identification J^ – Rd{Zd; in this case the corresponding isotropy subgroup is a full-rank
subgroup of O˚K ;
(2) the orbit O˚K ¨ χ is infinite if and only if χ corresponds to a point with at least one irrational
coordinate in Rd{Zd;
(3) the characters χ corresponding to points (w1,w2, . . . ,wd) P Rd such that the numbers
1,w1,w2, . . . wd are rationally independent have trivial isotropy.
Proof. By Proposition 3.3, for each u P O˚K , the eigenvalues of the matrix ρ(u) encoding
the action of u at the level of Rd{Zd are precisely the various embeddings of u in the
archimedean completions of K. Since rank(O˚K ) ě 1, there exists a non-torsion element
u P O˚K , whose eigenvalues are not roots of unity. Hence normalized Haar measure is
ergodic for the action of {ρ(u) : u P O˚K } by [24, Corollary 1.10.1] and the first assertion
now follows from [24, Theorem 5.11]. The isotropy is a full rank subgroup of O˚K because
|O˚K {(O
˚
K )x| = |O
˚
K ¨ x| ă∞.
Let w = (w1,w2, ¨ ¨ ¨ ,wd) be a point in R
d{Zd such that 1,w1, . . . ,wd are rationally
independent. Suppose w is a fixed point for the matrix ρ(u) P GLd(Z) acting on R
d{Zd.
Then ρ(u)w = w (mod Zd) and hence (ρ(u) − I)w P Zd, i.e.
[(ρ(u) − I)w]i =
dÿ
j=1
(ρ(u) − I)ijwj P Z
for all 1 ď i ď d. Since (ρ(u)− I)ij P Z for all i, j, the rational independence of 1,w1, . . . ,wd
implies that ρ(u) = I, so u = 1, as desired. 
We see next that for the number fields with unit rank 1 there are many more ergodic
invariant probability measures on pOK than just Haar measure and measures supported on
finite orbits. In fact, a smooth parametrization of these measures and of the corresponding
KMS equilibrium states of (T[OK], σ) seems unattainable.
Proposition 3.5. Suppose the number field K has unit-rank equal to 1, namely, K is real quadratic,
mixed cubic, or complex quartic. Then the simplex of ergodic invariant probability measures on pOK
is isomorphic to the Poulsen simplex [13].
Proof. The fundamental unit gives a partially hyperbolic toral automorphism of pOK, for
which Haar measure is ergodic invariant. By [15, 22], the invariant probability measures
of such an automorphism that are supported on finite orbits are dense in the space of all
invariant probability measures. This remains true whenwe include the torsion elements of
O˚K . Since these equiprobabilities supported on finite orbits are obviously ergodic invariant
and hence extremal among invariant measures, it follows from [13, Theorem 2.3] that the
simplex of invariant probability measures on pOK is isomorphic to the Poulsen simplex. 
For fields with unit rank at least 2, whether normalized Haar measure and equiproba-
bilities supported on finite orbits are the only ergodicO˚K -invariant probability measures is
a higher-dimensional version of the celebrated Furstenberg conjecture, according to which
Lebesgue measure is the only non-atomic probability measure on T = R{Z that is jointly
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ergodic invariant for the transformations ˆ2 and ˆ3 on R modulo Z. As stated, this re-
mains open, however, Rudolph and Johnson have proved that if p and q are multiplica-
tively independent positive integers, then the only probability measure on R{Z that is
ergodic invariant for ˆp and ˆq and has non-zero entropy is indeed Lebesgue measure
[18, 7]. Number fields always give rise to automorphisms of tori of dimension at least 2,
so, strictly speaking the problem in which we are interested does not contain Furstenberg’s
original formulation as a particular case. Nevertheless, the higher-dimensional problem is
also interesting and open as stated in general, and there is significant recent activity on
it and on closely related problems [9, 8, 10]. In particular, see [4] for a summary of the
history and also a positive entropy result for higher dimensional tori along the lines of
the Rudolph–Johnson theorem. We show next that the toral automorphism groups arising
from different integral ideals have a solidarity property with respect to the generalized
Furstenberg conjecture.
Proposition 3.6. If for some integral ideal J in OK the only ergodic O˚K -invariant probability mea-
sure on J^ having infinite support is normalized Haar measure, then the same is true for every
integral ideal in OK.
The proof depends on the following lemmas.
Lemma 3.7. Let J Ď I be two integral ideals in OK and let r : I^→ J^ be the restriction map. Denote
by λI^ normalized Haar measure on I^. For each γ P J^, there exists a neighborhood N of γ in J^ and
homeomorphisms hj of N into I^ for j = 1, 2, . . . , |I{J|, with mutually disjoint images and such that
(1) λI^(hj(E)) = λI^(hk(E)) for every measurable E Ď N and 1 ď j, k ď |I{J|;
(2) r ˝ hj = idN;
(3) r−1(E) =
Ů
j hj(E) for all E Ď N, that is, the hj’s form a complete system of local inverses
of r on N.
Proof. Let JK := {κ P I^ : κ(j) = 1,@j P J} be the kernel of the restriction map r : I^→ J^. Since
JK is a subgroup of order |I{J| ă ∞, and since I^ is Hausdorff, we may choose a collection
{Aκ : κ P J
K} of mutually disjoint open subsets of I^ such that κ P Aκ for each κ P J
K. Define
B1 :=
Ş
κPJK κ
−1Aκ and for each κ P J
K let Bκ := κB1. Then {Bκ : κ P J
K} is a collection of
mutually disjoint open sets such that κ P Bκ and r(Bκ) = r(B1) for every κ P J
K. We claim
that the restrictions r : Bκ → J^ are homeomorphisms onto their image. Since the Bκ are
translates of B1 and since r is continuous and open, it suffices to verify that r is injective
on B1. This is easy to see because if r(ξ1) = r(ξ2) for two distinct elements ξ1, ξ2 of B1,
then ξ2 = κξ1 for some ρ P J
K \ {1}, and this would contradict B1 X κB1 = H. This proves
the claim. We may then take N := γ r(B1) and define hρ := (r|Bρ)
−1, for which properties
(1)-(3) are now easily verified. 
Lemma 3.8. Let X be a measurable space and let T : X → X be measurable. Suppose that λ is an
ergodic T -invariant probability measure on X. If µ is a T -invariant probability measure on X such
that µ ! λ, then µ = λ.
Proof. Fix f P L∞(λ) and define (Anf)(x) = 1n
n−1ř
k=0
f(Tkx). Let S = {x P X : (Anf)(x) →∫
X
fdλ}. By the Birkhoff ergodic theorem, we have that λ(Sc) = 0, and so µ(Sc) = 0 as
well, that is, (Anf)(x) → ∫X fdλ µ-a.e.. Since f P L∞(λ) and µ ! λ, we have that f P
L∞(µ) as well, with }f}µ∞ ď }f}λ∞. Observe that |(Anf)(x)| ď }f}
λ
∞
for µ-a.e. x, and so by
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the dominated convergence theorem,
∫
X
Anfdµ → ∫X (∫X fdλ)dµ = ∫X fdλ, with the last
equality because µ(X) = 1.
Because µ is T -invariant, we have that
∫
X
Anfdµ =
∫
X
fdµ for all n. Combining this with
the above implies that
∫
X
fdλ =
∫
X
fdµ for all f P L∞(λ). In particular, this holds for the
indicator function of each measurable set, and so µ = λ. 
Lemma 3.9. Let J Ď I be two integral ideals in pOK and let r : I^ → J^ be the restriction map. If
µ is an ergodic O˚K -invariant probability measure on I^, then µ˜ := µ ˝ r
−1 is an ergodic invariant
probability measure on J^. Moreover, the support of µ is finite if and only if the support of µ˜ is finite.
Proof. Assume µ is ergodic invariant on I^ and let E Ď J^ be an O˚K -invariant measurable set.
Since r is O˚K -equivariant, r
−1(E) is also O˚K -invariant so µ˜(E) := µ(r
−1(E)) P {0, 1} because
µ is ergodic invariant. Thus, µ˜ is also ergodic invariant. The statement about the support
follows immediately because r has finite fibers. 
Lemma 3.10. Suppose J Ď I are integral ideals in OK, and let λJ^, λI^ be normalized Haar measures
on J^, I^, respectively. If the only ergodic O˚K -invariant probability measure on J^ with infinite support
is λJ^, then the only ergodic O
˚
K -invariant probability measure on I^ with infinite support is λI^.
Proof. Let µ be an ergodic O˚K -invariant probability measure on I^ with infinite support.
By Lemma 3.9, µ ˝ r−1 is an ergodic O˚K -invariant probability measure on J^ with infinite
support, and so by assumption must equal λJ^. In particular, λI^ ˝ r
−1 = λJ^.
Since J^ is compact, the open cover {Nγ : γ P J^} given by the sets constructed in Lemma 3.7
has a finite subcover, that is, there exist γ1, . . . , γn P J^ so that J^ =
nŤ
k=1
Nγk , where Nγk is a
neighborhood of γk P J^ satisfying the conditions stated in Lemma 3.7, with corresponding
maps h
(j)
γk , for 1 ď j ď |I{J| and 1 ď k ď n.
We will first show that if B Ď I^ is such that r|B is a homeomorphism with r(B) Ď Nγk
for some k, and if λI^(B) = 0, then µ(B) = 0. Suppose B is such a set and λI^(B) = 0. By
part (3) of Lemma 3.7, r−1(r(B)) =
|I{J|Ů
j=1
h
(j)
γk(r(B)), so r
−1(r(B)) is a disjoint union of |I{J|
sets, all having the same measure under λI^. Moreover, there exists some 1 ď j ď |I{J| such
that h
(j)
γk(r(B)) = B, because the h
(j)
γk ’s form a complete set of local inverses for r, and r is
injective on B. Putting these together yields
λI^(r
−1(r(B))) = |I{J|λI^(h
(j)
γk(r(B))) = |I{J|λI^(B) = 0.
Since µ ˝ r−1 = λJ^ = λI^ ˝ r
−1, this implies that µ(r−1(r(B))) = 0 as well, and since B Ď
r−1(r(B)), we have that µ(B) = 0.
Now, since r : I^ → J^ is a covering map, for each χ P I^, there exists an open neighbour-
hood Uχ of χ such that r|Uχ is a homeomorphism. Let 1 ď k ď n be such that r(χ) P Nγk ,
and letWχ := Uχ X r
−1(Nγk). This forms another open cover of I^, and so by compactness
of I^, there exists a finite subcoverW1, . . . ,Wm.
Finally, let A Ď I^ be such that λI^(A) = 0. Then A X Wi is a set on which r acts as a
homeomorphism, and there exists 1 ď k ď n such that r(A XWi) Ď Nγk . Thus, by the
above, we conclude µ(A XWi) = 0 for all 1 ď i ď m. Since these sets cover A, we have
that µ(A) = 0, and hence µ ! λI^, as desired. By Lemma 3.8 it follows that µ = λI^. 
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Proof of Proposition 3.6: Suppose J is an integral ideal such that the onlyO˚K -invariant prob-
ability measure on J^ having an infinite orbit is normalized Haar measure. By Lemma 3.10
applied to the inclusion J Ă OK, the only ergodic O
˚
K -invariant probability measure on
pOK
with infinite support is normalized Haar measure.
Suppose now I Ď OK is an arbitrary integral ideal. Since the ideal class group is finite,
a power of I is principal and thus we may choose q P OˆK such that qOK Ď I. The action
of O˚K on
pOK is conjugate to the action of O˚K on yqOK, and so the only ergodic O˚K -invariant
probability measure on yqOK with infinite support is normalized Haar measure. Thus, by
Lemma 3.10 again with yqOK Ď I^, we conclude that the only ergodicO˚K -invariant probabil-
ity measure on I^ is λI^. 
In order to understand the situation for number fields with unit rank higher than 1,
we review in the next section the topological version of the problem of ergodic invariant
measures, namely, the classification of closed invariant sets.
4. BEREND’S THEOREM AND NUMBER FIELDS
An elegant generalization to higher-dimensional tori of Furstenberg’s characterization
[5, Theorem IV.1] of closed invariant sets for semigroups of transformations of the cir-
cle was obtained by Berend [1, Theorem 2.1]. The fundamental question investigated by
Berend is whether an infinite invariant set is necessarily dense, and his original formula-
tion is for semigroups of endomorphisms of a torus. Here we are interested in the specific
situation arising from an algebraic number field K in which the units O˚K act by automor-
phisms on J^ for integral ideals J Ď OK representing each ideal class, so we paraphrase
Berend’s Property ID for the special case of a group action on a compact space.
Definition 4.1. (cf. [1, Definition 2.1].) Let G be a group acting on a compact space X by
homeomorphisms. We say that the action G ýX satisfies the ID property, or that it has the
infinite invariant dense property, if the only closed infinite G-invariant subset of X is X itself.
The first observation is a topological version of the measure-theoretic solidarity proved
in Proposition 3.6; namely, if K is a given number field, then the action O˚K ý^J has the ID
property either for all integral ideals J, or for none.
Proposition 4.2. Suppose K is an algebraic number field, and let J be an ideal in OK. Then the
action of O˚K on J^ is ID if and only if the action of O
˚
K on O^K is ID.
Proof. Suppose first that J1 Ď J2 are ideals in OK and assume that the action of O˚K on J^2
is ID. The restriction map r : J^2 → J^1 is O˚K -equivariant, continuous, surjective, and has
finite fibers. Thus, if Ewere a closed, proper, infinite O˚K -invariant subset of J^1, then r
−1(E)
would be a closed, proper, infinite O˚K -invariant subset of J^2, contradicting the assumption
that the action of O˚K on J^2 is ID. So no such set E exists, proving that the action of O
˚
K on J^1
is also ID.
In particular, if the action of O˚K on O^K is ID, then the action on J^ is also ID for every
integral ideal J Ă OK. For the converse, recall that, as in the proof of Proposition 3.6, there
exists an integer q P OˆK such that qOK Ď J, so we may apply the preceding paragraph to
this inclusion. Since the action of O˚K on
yqOK is conjugate to that on pOK, this completes the
proof. 
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In order to decide for which number fields the action of units on the integral ideals is
ID, we need to recast Berend’s necessary and sufficient conditions in terms of properties of
the number field. Recall that, by definition, a number field is called a complex multiplication
(or CM) field if it is a totally imaginary quadratic extension of a totally real subfield. These
fields were studied by Remak [17], who observed that they are exactly the fields that have
a unit defect, in the sense that they contain a proper subfield Lwith the same unit rank.
Theorem 4.3. Let K be an algebraic number field and let J be an ideal in OK. The action of O˚K on
J^ is ID if and only if K is not a CM field and rankO˚K ě 2.
For the proofwe shall need a few number theoretic facts. We believe these are knownbut
we include the relatively straightforward proofs below for the convenience of the reader.
Lemma 4.4. Suppose F is a finite family of subgroups of Zd such that rank(F) ă d for every
F P F . Then there existsm P Zd such thatm+ F is nontorsion in Zd{F for every F P F .
Proof. Recall that for each subgroup F there exists a basis {nFj }j=1,2,...,d of Z
d and integers
a1, a2, . . . , arank(F) such that
F =
{řrank(F)
i=1 kin
F
i : ki P aiZ, 1 ď i ď rank(F)
}
.
The associated vector subspaces SF := spanR{n
F
1, . . . , n
F
rank(F)} ofR
d are proper and closed
soRd \YFSF is a nonempty open set, see e.g. [19, Theorem 1.2]. Let r be a point in R
d \YFSF
with rational coordinates. If k denotes the l.c.m. of all the denominators of the coordinates
of r, thenm := kr P Zd and its image m + F P Zd{F is of infinite order for every F because
m R SF. 
Proposition 4.5. Let K be an algebraic number field. Then there exists a unit u P O˚K such that
K = Q(uk) for every k P Nˆ if and only if K is not a CM field.
Proof. Assume first K is not a CM field. Then rankO˚F ă rankO
˚
K for every proper subfield
F of K. Since there are only finitely many proper subfields F of K, Lemma 4.4 gives a unit
u P O˚K with nontorsion image in O
˚
K {O
˚
F for every F. Thus u
k R F for every proper subfield
F of K and every k P N.
Assume now K is a CM field, and let F be a totally real subfield with the same unit rank
as K [17]. Then the quotient O˚K {O
˚
F is finite and there exists a fixed integer m such that
um P F for every u P O˚K . 
Lemma 4.6. Let k be an algebraic number field with rankO˚K ě 1. Then for every embedding
σ : k→ C, there exists u P O˚K such that |σ(u)| ą 1.
Proof. Assume for contradiction that σ is an embedding of k in C such that σ(O˚K ) Ď {z P
C : |z| = 1}. Let K = σ(k) and let UK = σ(O
˚
K ). Then K X R is a real subfield of K with
UKXR = {˘1}, so K X R = Q. Also K X R is the maximal real subfield of K, and since we
are assuming rankO˚K ě 1, K cannot be a CM field. To see this, suppose that k were CM.
Let ℓ Ď k be a totally real subfield such that [k : ℓ] = 2. Since ℓ is totally real, σ(ℓ) Ď R,
and since K X R = Q, it must be that σ(ℓ) = Q. Then ℓ = Q, so k is quadratic imaginary,
contradicting rankO˚K ě 1.
By Proposition 4.5, there exists u P UK such that K = Q(u). Since |u| = 1, we have
that K = Q(u) = Q(u−1) = Q(u) = K, so K is closed under complex conjugation. Write
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u = a+ ib. Then u+u = 2a P KXR = Q, so a P Q. Thus, K = Q(u) = Q(ib). Since |u| = 1,
a2 + b2 = 1, and so we have that
Q(ib) – Q(
a
−b2) – Q(
a
a2 − 1) – Q
(c
m2 − n2
n2
)
– Q(
a
m2 − n2),
where a = m{n P Q.
Thus, K is a quadratic field. But it cannot be quadratic imaginary because rankUK ě 1,
and it cannot be quadratic real because all the units lie on the unit circle. This proves there
can be no such embedding. 
Proof of Theorem 4.3. By Proposition 4.2, it suffices to prove the case J = OK. Let d = [K : Q]
and recall that pOK – Td. All we need to do is verify that Berend’s necessary and sufficient
conditions for ID [1, Theorem 2.1], when interpreted for the automorphic action of O˚K onpOK, characterize non-CM fields of unit rank 2 or higher. Since the action of O˚K by linear
toral automorphisms ρ(u) with u P O˚K is faithful by [10, p. 729], Berend’s conditions are:
(1) (totally irreducible) there exists a unit u such that the characteristic polynomial of
ρ(un) is irreducible for all n P N;
(2) (quasi-hyperbolic) for every common eigenvector of {ρ(u) : u P O˚K }, there is a unit
u P O˚K such that the corresponding eigenvalue of ρ(u) is outside the unit disc; and
(3) (not virtually cyclic) there exist units u, v P O˚K such that ifm,n P N satisfy ρ(u
m) =
ρ(vn), thenm = n = 0.
Suppose first that the action of O˚K on OK is ID. By [1, Theorem 2.1] conditions (1) and
(3) above hold, i.e. the action of O˚K on OK is totally irreducible and not virtually cyclic.
By Proposition 4.5, K is not a CM field and since ρ : O˚K → GLd(Z) is faithful, (3) is a
restatement of rankO˚K ě 2.
Suppose now that K is not CM and has unit-rank at least 2. By Proposition 4.5, there
exists u P O˚K such that Q(u
n) = K for every n P N. Hence the minimal polynomial of
ρ(un) has degree d, and so it coincides with the characteristic polynomial. This proves
that condition (1) holds, i.e. the action of ρ(u) is totally irreducible. We have already
observed that condition (3) holds iff the unit rank of K is at least 2, so it remains to see
that the hyperbolicity condition (2) holds too. In the simultaneous diagonalization of the
matrix group ρ(O˚K ), the diagonal entries of ρ(u) are the embeddings of u into R or C, see
e.g. [10, p.729]. Then condition (2) follows from Lemma 4.6. 
Remark 4.7. Notice that for units acting on algebraic integers, Berend’s hyperbolicity con-
dition (2) is automatically implied by the rank condition (3).
Remark 4.8. Since the matrices representing the actions of O˚K on J^ and on O^K are conjugate
over Q, Proposition 4.2 can be derived from the implication (1) =⇒ (3) in [10, Proposition
2.1]. We may also see that the matrices implementing the action on J^ and on O^K have the
same sets of characteristic polynomials, so the questions of expansive eigenvalues (condi-
tion (2)) and of total irreducibility are equivalent for the two actions. The third condition is
independent of whether we look at J^ or O^K, so this yields yet another proof of Proposition
4.2.
By Theorem 4.3, for each non-CM algebraic number field Kwith unit rank at least 2, the
actionO˚K on
pOK, transposed as {ρ(u) : u P O˚K } acting onRd{Zd, is an example of an abelian
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toral automorphism group for which one may hope to prove that normalized Haar mea-
sure is the only ergodic invariant probability measure with infinite support. So it is natural
to ask which groups of toral automorphisms arise this way. A striking observation of Z.
Wang [25, Theorem 2.12], see also [14, Proposition 2.2], states that every finitely gener-
ated abelian group of automorphisms of Td that contains a totally irreducible element and
whose rank is maximal and greater than or equal to 2 arises, up to conjugacy, from a finite
index subgroup of units acting on the integers of a non-CM field of degree d and unit rank
at least 2, cf. [25, Condition 1.5]. We wish next to give a proof of the converse, which was
also stated in [25].
Proposition 4.9. Suppose G is an abelian subgroup of SLd(Z) satisfying [25, Condition 2.8].
Specifically, suppose there exist
‚ a non-CM number field K of degree d and unit rank at least 2;
‚ an embedding φ : G→ O˚K of G into a finite index subgroup of O˚K ;
‚ a co-compact lattice Γ in K Ă KbQ R – Rd invariant under multiplication by φ(G); and
‚ a linear isomorphism ψ : Rd → K bQ R – Rd mapping Zd onto Γ that intertwines the
actions G ýRd and φ(G) ý(KbQ R){Γ .
Then G satisfies [25, Condition 1.5], namely
(1) rank(G) ě 2;
(2) the action g ýRd{Zd – Td is totally irreducible for some g P G;
(3) rankG1 = rankG for each abelian subgroup G1 Ă SLd(Z) containing G.
Proof. Suppose K is a non-CM algebraic number field of degree d with unit rank at least
2, and assume G is a subgroup of SLd(Z) that satisfies the assumptions with respect to K.
Part (1) of [25, Condition 1.5] is immediate, because φ(G) is of full rank in O˚K .
By Proposition 4.5, there exists a unit u P O˚K such that the characteristic polynomial of
ρ(um) is irreducible overQ for allm P N. This is equivalent to the action of um on pOK being
irreducible for allm P N, see, e.g. [10, Proposition 3.1]. Since φ(G) is of finite index in O˚K ,
there existsN P N such that uN P φ(G). We claim that g := φ−1(uN) is a totally irreducible
element in G ýRd{Zd. To see this, it suffices to show that the characteristic polynomial of
gk is irreducible over Q for every positive integer k. Since the linear isomorphism ψ inter-
twines the actions gk ýTd and ρ(φ(g))k ý(K bQ R){Γ , the characteristic polynomial of
gk equals the characteristic polynomial of ρ(φ(g))k = ρ(ukN), which is irreducible because
it coincides with the characteristic polynomial of ukN as an element of the ring OK. This
proves part (2) of Condition 1.5.
Suppose now that G1 is an abelian subgroup of SLd(Z) containing G and apply the
construction from [25, Proposition 2.13] (see also [21, 4]) to the irreducible element g P
G Ă G1 ýT
d. Up to an automorphism, the resulting number field arising from this
construction is K = Q(uN), and the embedding φ1 : G1 → O˚K is an extension of φ : G →
O˚K . Since φ(G) Ă φ1(G1) Ă O
˚
K and φ(G) is of finite index in O
˚
K ,
rank(G1) = rankφ1(G1) = rankO
˚
K = rankφ(G) = rankG,
and this proves proves part (3) of Condition 1.5. 
As a consequence, we see that the action of units on the algebraic integers of number
fields are generic for group actions with Berend’s ID property in the following sense, cf.
[25, 14].
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Corollary 4.10. If G is a finitely generated abelian subgroup of SLd(Z) of torsion-free rank at least
2 that contains a totally irreducible element and is maximal among abelian subgroups of SLd(Z)
containing G, then G is conjugate to a finite-index toral automorphism subgroup of the action of
O˚K ý
pOK for a non-CM algebraic number field K of degree d and unit rank at least 2.
Finally, we summarize whatwe can say at this point for equilibrium states of C*-algebras
associated to number fields with unit rank strictly higher than one. If the generalized
Furstenberg conjecture is verified, the following result would complete the classification
started in Proposition 3.1 and Proposition 3.5.
Let K be a number field and for each γ P CℓK define Fγ to be the set of all pairs (µ, χ)with
µ an equiprobability measure on a finite orbit of the action of O˚K in J^γ, and χ P H^µ, where
the µ-a.e. isotropy group Hµ is a finite index subgroup of O
˚
K . Also let (λJ, 1) denote the
pair consisting of normalized Haar measure on J^ and the trivial character of its trivial a.e.
isotropy group. Then the map (µ, χ) Þ→ τµ,χ from Theorem 2.2 gives an extremal tracial
state of C˚(Jγ ¸O
˚
K ) for each pair (µ, χ) P Fγ \ {(λJγ , 1)}.
Recall that the map τ Þ→ ϕτ from [2, Theorem 7.3] is an affine bijection of all tracial
states of
À
γPCℓK
C˚(Jγ¸O
˚
K ) ontoKβ, the simplex of KMSβ equilibrium states of the system
(T[OK], σ) studied in [2].
Theorem 4.11. Suppose K is an algebraic number field with unit rank at least 2 and define Φ :
(µ, χ) Þ→ ϕτµ,χ to be the composition of the maps from Theorem 2.2 and from [2, Theorem 7.3],
assigning a stateϕτµ,χ P Extr(Kβ) to each pair (µ, χ) consisting of an ergodic invariant probability
measure µ in one of the J^γ and an associated character of the µ-almost constant isotropy Hµ. Let
FK :=
ğ
γPCℓK
(
Fγ \ {(λJγ , 1)}
)
be the set of pairs whose measure µ has finite support or is Haar measure. Then
(1) if K is a CM field, then the inclusion Φ(FK) Ă Extr(Kβ) is proper; and
(2) if K is not a CM field, and if there exists φ P Extr(Kβ) \Φ(FK) then the measure µ on J^γ
arising from φ has zero-entropy and infinite support.
Proof. To prove assertion (1), recall that when K is a CM field Berend’s theorem implies
that there are invariant subtori, which have ergodic invariant probability measures on the
fibers, cf. [8, 9]. These measures give rise to tracial states and to KMS states not accounted
for in Φ(FK). Assertion (2) follows from [4, Theorem 1.1]. 
5. PRIMITIVE IDEAL SPACE
The computation of the primitive ideal spaces of the C*-algebras C˚(J ¸O˚K ) associated
to the action of units on integral ideals lies within the scope of Williams’ characterization
in [27]. We briefly review the general setting next. Let G be a countable, discrete, abelian
group acting continuously on a second countable compact Hausdorff space X. We define
an equivalence relation on X by saying that x and y are equivalent if x and y have the same
orbit closure, i.e. if G ¨ x = G ¨ y. The equivalence class of x, denoted by [x], is called the
quasi-orbit of x, and the quotient space, which in general is not Hausdorff, is denoted by
Q(G ýX) and is called the quasi-orbit space. It is important to distinguish the quasi-orbit
of a point from the closure of its orbit, as the latter may contain other points with strictly
smaller orbit closure.
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Let ǫx denote evaluation at x P X, viewed as a one-dimensional representation of C(X).
For each character κ P G^x, the pair (ǫx, κ) is clearly covariant for the transformation group
(C(X), Gx), and the corresponding representation ǫx ˆ κ of C(X) ¸ Gx gives rise to an
induced representation IndGGx(ǫx ˆ κ) of C(X) ¸ G, which is irreducible because ǫx ˆ κ is.
Since G is abelian and the action is continuous, whenever x and y are in the same quasi-
orbit, [x] = [y], the corresponding isotropy subgroups coincide: Gx = Gy. Thus, we may
consider an equivalence relation on the product Q(G ýX)ˆ G^ defined by
([x], κ) ∼ ([y], λ) ⇐⇒ [x] = [y] and κæGx= λæGx .
By [27, Theorem 5.3], the map (x, κ) Þ→ ker IndGGx(ǫx ˆ κ) induces a homeomorphism of
(Q(G ýX)ˆ G^){∼ onto the primitive ideal space of the crossed product C(X)¸G, see e.g.
[12, Theorem 1.1] for more details on this approach.
We wish to apply the above result to actions O˚K ý^J for integral ideals J of non-CM
number fields with unit rank at least 2, as in Theorem 4.3. Notice that by Proposition 3.4 if
the orbitO˚K ¨χ is finite, then it is equal to the quasi-orbit [χ]. The first step is to describe the
quasi-orbit space for the action of units. We focus on the case J = OK; ideals representing
nontrivial classes behave similarly because of the solidarity established in Proposition 4.2.
Proposition 5.1. Suppose K is a non-CM algebraic number field with unit rank at least 2. Then
the quasi-orbit space of the action O˚K ýpOK is
Q(O˚K ý
pOK) = {[x] : |O˚K ¨ x| ă∞}Y {ω∞}.
The point ω∞ is the unique infinite quasi-orbit [α] of any α P pOK – Rd{Zd having at least one
irrational coordinate. The closed proper subsets are the finite subsets all of whose points are finite
(quasi-)orbits. Infinite subsets and subsets that contain the infinite quasi-orbitω∞ are dense in the
whole space.
Proof. By Theorem 4.3, the closure of each infinite orbit is the whole space. Thus, the points
with infinite orbits collapse into a single quasi-orbit
ω∞ := {x P pOK : |O˚K ¨ x| =∞} = {x P pOK : O˚K ¨ x = pOK}.
That this is the set of points with at least one irrational coordinate is immediate from [24,
Theorem 5.11]. When the orbit of x is finite, it is itself a quasi-orbit, which we view as a
point in Q(O˚K ý
pOK). In this case x P pOK has all rational coordinates.
To describe the topology, recall that the quotient map q : pOK → Q(O˚K ýpOK) is surjec-
tive, continuous and open by the Lemma in page 221 of [6], see also the proof of Proposi-
tion 2.4 in [12].
Any two different finite quasi-orbits [x] and [y] are finite, mutually disjoint subsets of pOK
and as such can be separated by disjoint open sets V andW, so that [x] Ă V and [y] Ă W.
Passing to the quotient space, we have [x] R q(W) and [y] R q(V), so [x] and [y] are T1-
separated, which implies that finite sets of finite quasi-orbits are closed in Q(O˚K ý
pOK).
The singleton {ω∞} is dense in Q(O
˚
K ý
pOK) because every infinite orbit in pOK is dense
by Theorem 4.3. If A is an infinite subset of Q(O˚K ý
pOK) consisting of finite quasi-orbits,
then
Ť
[x]PA[x] is an infinite invariant set in
pOK, hence is dense by Theorem 4.3. This implies
thatω∞ is in the closure of A, and hence A is dense in Q(O
˚
K ý
pOK). 
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Theorem 5.2. Let K be a non-CM algebraic number field with unit rank at least 2, and letG = O˚K .
The primitive ideal space of C( pOK)¸G is homeomorphic to the space
(5.1)
ğ
[x]
(
{[x]}ˆ G^x
)
in which a net ([xι], γι) converges to ([x], γ) iff [xι]→ [x] inQ(G ýpOK) and γι|Gx → γ|Gx in G^x.
Notice that if [x] is a finite quasi-orbit, then the net {[xι]} is eventually constant equal to [x], and if
[x] = ω∞, then the condition γι|Gω∞ → γ|Gω∞ is trivially true because Gω∞ = {1}.
Proof. Consider the diagram below, where f is the quotient map and the vertical map g is
defined by g([([x], γ)]) = ([x], γ|Gx), where [([x], γ)] denotes the equivalence class of ([x], γ)
with respect to ∼.
Q(G ýpOK)ˆ G^ Q(G ýpOK)ˆ G^{ ∼
Ů
[x]
(
{[x]}ˆ G^x
)
f
g˝f
g
By the fundamental property of the quotient map, see e.g. [26, Theorem 9.4], g ˝ f is con-
tinuous if and only if g is continuous.
It is clear that g is a bijection. We show next that g ˝ f is continuous. Suppose that
([xι], γι) is a net in Q(G ýpOK) ˆ G^ converging to ([x], γ). Then [xι] → [x] in Q(G ýpOK),
and γι → γ in G^. Then clearly also γι|Gx → γ|Gx in G^x as well. Hence the net g ˝ f([xι], γι)
converges to g ˝ f([x], γ) = ([x], γ|Gx), as desired.
It remains to show that g−1 is continuous, or equivalently, that g is a closed map. Sup-
pose that W Ď Q(G ýpOK) ˆ G^{ ∼ is closed, and suppose that ([xι], γι) is a net in g(W)
converging to ([x], γ).
Consider any net (γ˜ι) in G^ such that γ˜ι|Gx = γι. By the compactness of G^, there exists a
convergent subnet γ˜ιη with limit γ˜. Then γ˜ιη |Gx → γ˜|Gx as well, so γιη → γ˜|Gx . Since G^x is
Hausdorff, limits are unique, and hence γ˜|Gx = γ.
The net ([xιη ], γ˜ιη) converges to ([x], γ˜) in Q(G ýpOK) ˆ G^, and since f is continuous,
f([xιη ], γ˜ιη)→ f([x], γ˜). Moreover, f([xιη ], γ˜ιη) = [([xιη ], γ˜ιη)] PW because g is injective and
g([([xιη ], γ˜ιη)]) = ([xιη ], γιη) P g(W) by assumption. Since W is closed, [([x], γ˜)] P W, and
so its image ([x], γ) P g(W), as desired. 
Remark 5.3. Recall that G – W ˆ Zd withW the roots of unity in G, and that the isotropy
subgroup Gx is constant on the quasi-orbit [x] of x. If [x] is finite, then Gx is of full rank
in G, and thus Gx – Vx ˆ Z
d, with Vx Ă W the torsion part of Gx. Hence, for every finite
quasi-orbit [x], we have G^x – V^[x] ˆ T
d. Notice that V^[x] – V[x] (noncanonically) because Vx
is finite.
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